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An important spin-off from the development of accelerators for particle
physics is the use of synchrotrons for cancer therapy. A precise control of
the slow extraction from the synchrotron is needed to satisfy the medical
specifications and this has led to a renewed interest in the basic theory of
third-order resonance extraction. In the present paper, an analytical study
of the phase-space distribution of the extracted beam is made. The
Kobayashi hamiltonian is extended in order to include the effect of the
vertical plane. Expressions are found that are in good agreement with the
results from numerical simulations. The effect of  closed-orbit distortions
is also considered and its influence on the extracted beam emittance is
shown.
*)  M. Pullia is a member of the TERA Foundation and an unpaid Associate of the
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The evaluation of proton and light ion beams for cancer therapy is now a main issue
in medical research and, as a consequence, an important spin-off of accelerator
technology. The key issues for synchrotron designers are the precise control of the
third order resonance extraction to meet the medical specifications for spill quality
and the design of a synchrotron that works reliably in a hospital environment, as
opposed to a research laboratory [1]. In the present report, the transverse beam
distribution is studied. This is regarded as essential information since such a beam
distribution is directly delivered to the patient. A good understanding of the transverse
distribution from a slow extraction is thus of prime importance for treatment planning
and for treatment quality.
To perform a slow extraction over a high number of revolutions (106), it is not
possible to simply move the beam towards the electrostatic septum (ES). Assuming
that the beam dimensions are of a few cm, then this would imply an incremental
movement of a few tens of nm on each turn. Thus all the particles would hit the ES
wires which cannot be made thin enough. It is therefore necessary to increase the
particle velocity such that they can jump beyond the septum. It is not possible to move
the whole beam quickly, but instead it is possible to speed up only a small fraction of
the particles by ‘front-ending’ the beam with a resonance. In this way, only the small
part of the beam that is made unstable is strongly accelerated by the resonance and it
is possible to have a large transverse velocity at the ES while leaving the waiting stack
quiet.
KOBAYASHI HAMILTONIAN
The simplest approach to describe the behaviour of particles near to a third integer
resonance Qx = n ± 1/3 is based on the displacement, in the extraction plane, that a


















where X and X´ are the particle co-ordinates in normalised phase space [m1/2],
ε = 6pi δQ = 6pi (Qpart - Qres), where Qpart is the tune of the particle and Qres is the


























is the normalised sextupole strength [m-1/2]. Equations (1) neglect higher order terms
in ε and in the coordinates and also neglect the influence of the, orthogonal, Z-plane.
This leads to the ‘Kobayashi hamiltonian’, as quoted by Barton in [2]. This is an
                                                
*
 Real space co-ordinates are represented by lowercase characters (x, x’, z, z’) and the corresponding
uppercase symbols represent normalised co-ordinates.
2approximate hamiltonian, chosen because it can be manipulated relatively easily and
because numerical simulations show that the final expressions describe the physics
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which implies that the time, in this model, is dimensionless. In fact the number of
turns is considered as time. The horizontal phase space is divided into a triangular
stable region and an unstable region around it, as shown in Figure 1.
Figure 1. Phase space at the sextupole as described by the Kobayashi hamiltonian.
EXTRACTION METHODS
Slow extraction is performed by slowly shrinking the stable region. The outermost
particles then become unstable and their amplitude grows. When the amplitude is
sufficiently large, they enter an electrostatic septum that kicks them into the extraction
channel. The trajectory of an unstable particle follows the side of the stable triangle
until the outgoing separatrix is reached. Then the particle moves outward along the
extraction separatrix. The trajectory remains very close to the separatrices, thus a


























































Particle motion on separatrix
(for δQ > 0)
3The linear dimensions of the stable region are proportional to the apothem of the
triangle h = 2ε/3S. To shrink the stable triangle one can either decrease the modified
tune distance ε or increase the sextupole strength S. To extract by increasing the
sextupole strength is not practical, because to extract small amplitude particles huge
sextupole strengths would be needed, the jump at the ES (spiral step) would change
from the beginning to the end of the spill, non-linearities would become dominant and
so on. Thus slow extraction is generally performed by changing the tune. This can be
accomplished in two ways:
• changing the tune of the synchrotron by varying the focusing strength;
• changing the tune of the particles, via chromaticity, by changing their
momentum.
In the derivation of (3) the motion of a single particle has been considered, but in the
synchrotron many particles are present at the same time, each with its unperturbed
tune and amplitude. They will be extracted according to both of these quantities. For
each unperturbed tune the stable region will have a certain size. If the area of the
stable region is smaller than the beam emittance, then some particles are unstable.
The stable region area is 2222 34833 QSh δpi −= . This relationship can be plot in a
amplitude vs. tune diagram resulting in the Steinbach diagram, illustrated in Figure 2:
Figure 2. The Steinbach diagram illustrates the stability of a particle as a function of the
particle tune Q and amplitude √Ex, Ex being the particle Twiss invariant (~emittance).
Taking into account the chromaticity, the same plot can be drawn using ∆p/p as
abscissa and, considering the dispersion, the closed orbit distance with respect to the
central orbit can be used as well. If ∆p/p is used, changing the focusing strength is
equivalent to moving the ‘V’ of the resonance while changing the momentum of the
particles leaves the ‘V’ fixed and moves the beam.
This leads (basically) to four extraction schemes, depending on the relative width of

















































Figure 3. The four basic schemes for extraction.
In the cases (a) and (d) of Figure 3, the momentum of the extracted beam varies
between the start and the end of the spill. On the other hand, in cases (b) and (c),
which will be referred to as amplitude-momentum selection and amplitude selection
respectively, the extracted beam momentum stays constant.
The amplitude selection technique is the more common, being the simplest to
perform. The amplitude-momentum selection technique is the one that gives the more
stable extracted beam. Indeed if the (X, X´) phase-space is examined in the amplitude
selection technique, the extraction separatrix varies during extraction, as the size of
the stable triangle is reduced to extract different amplitude particles. On the other
hand, in the amplitude-momentum selection case the ‘V’ of the resonance stays
constant and so does the stable region. Moreover, in this case, it is possible to balance
D, D´, S, Q´ and the phase advance between the sextupole and the ES such that the
extraction separatrices belonging to different amplitudes overlap (Hardt condition
[3]). Thus the extracted emittance and the losses at the ES are minimized. The fact
that the extraction separatrix does not change means that it is not necessary to
compensate the variation in the extraction angle. Moreover the spiral step, that is the
distance at which the particles jump into the ES, varies in the amplitude selection case
while it does not in the amplitude-momentum selection case.
In the following, only the amplitude-momentum selection is considered, the results
being easily generalised.
SIMPLEST MODEL
In the previous sections, the resonant extraction has been depicted using the stable
triangle and the separatrices at the resonance sextupole. The situation at any position





















5advance to the considered position. At the electrostatic septum, when the Hardt
condition is fulfilled, the horizontal phase space is as shown in Figure 4.
Figure 4. Stable region and extraction separatrices at the electrostatic septum (ES).
The extracted beam is the part of the separatrix which is cut by the electrostatic
septum. In this very simplified model, its emittance is zero, since the separatrix has no
“thickness”.
An already better approximation in this model would be considering a “thickness” for
the separatrix equal to the separatrix movement in three turns towards the centre of
the stable region. In the case of amplitude selection this would be approximately
correct, since the extraction separatrix is effectively moving, while for momentum-
amplitude selection this would be an upper limit, since the trajectories approach the
separatrix asymptotically. Assume the following set of values:
δQ = 3.78×10-3
(∆Q)3turns/ δQ = 15×10-6
S = 27.8 m-1/2
h = 1.7×10-3 m1/2
and assume further a spiral step of 1 cm, βES = 16 m and an angle between the
separatrix and the X axis of 45º. This simple model would then yield:
Separatrix thickness = 15×10-6 · 1.7×10-3 m1/2 = 2.55×10-8 m1/2
Length = 2 ·0.01 m/ 16  m1/2 = 3.54×10-3 m1/2
that is an emittance of
Ex = 2.9×10-5 pi mm mrad.
Alternatively, the Liouville theorem can be invoked and the emittance of the extracted
beam can be estimated by the circulating beam emittance, the spill length and the

















which is of the same order of magnitude as before. Numbers of this order of
magnitude are unrealistically small and a deeper study is thus needed.
EQUATIONS OF MOTION INCLUDING THE VERTICAL PLANE
The horizontal emittance of the extracted beam can arise from many sources such as
ripples “shaking” the separatrix, non-adiabaticity of the process and other effects
neglected in the approximations. The first striking quantity which has been neglected
and which might give rise to an emittance is the coupling of the vertical motion into
the horizontal plane via the strong resonance sextupole. The field seen by a particle
when it traverses a sextupole depends, indeed, both on X and on Z and the motion is
therefore coupled.
















Using these expressions together with the single-turn transfer matrix and with the help
of a powerful calculation tool such as Mathematica [4] it is possible to evaluate the
exact transfer function for three turns.  This yields a very large expression, whose size
renders it useless.  As an example the term ∆X3 is shown in Figure 5.  Similar
expressions can be found for ∆X′3, ∆Z3 and ∆Z′3.
In order to compare with the Kobayashi equations, only terms up to second order in ε,
X0, X′0, Z0 and Z′0 have to be kept.  Thus it is necessary to expand the expression for
∆X3 in power series in dQx up to second order and then neglect the higher order terms.
This results in
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Figure 5.  Exact calculation of the displacement ∆X3 in three turns; BR stands for βz/βx.
for tunes Qx = n+1/3 and
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for tunes Qx = n-1/3.  In both, cases the Kobayashi equation is clearly recognisable in
the first two terms.  All the other terms depend only on Z and Z′ and only an overall
sign changes for the two families n±1/3.  In the following Qx = n-1/3 will be
considered, the results for Qx = n+1/3 being easily derivable.
Proceeding in the same way as for ∆X3 an expression can be found for ∆X′3.  This
results in a single expression for both Qx = n-1/3 and Qx = n+1/3,
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Collecting terms and using standard trigonometric formulae to simplify the resulting
coefficients, expression (5) can be rewritten as
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A better understanding can be achieved by expressing Z and Z′ in terms of single
particle emittance and angle in normalised phase space, Z0 = √εz cos(φz) and
Z0′ = √εz sin(φz).  This results in
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A further simplification, using standard trigonometric formulae, is then possible for
∆X3 which gives











9Applying the same procedure to the expression for ∆X′3, results in
( )






















Using the standard trigonometric formulae
2 sin[a-b] + sin[a-c] = (2 cos[b] + cos[c]) sin[a] - (2 sin[b] + sin[c]) cos[a] =
= - {(2 cos[b] + cos[c])2 + (2 sin[b] + sin[c])2}1/2 cos[a+k] =
= - {5 + 4 cos[b-c]}1/2 cos[a+k]
where
cos[k]= (2 sin[b] + sin[c]) / {(2 cos[b] + cos[c])2 + (2 sin[b] + sin[c])2}1/2
sin[k]= (2 cos[b] + cos[c]) / {(2 cos[b] + cos[c])2 + (2 sin[b] + sin[c])2}1/2
finally yields
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Equations (7) and (8) model the complete second-order description of the horizontal
motion of a particle at the sextupole. For null initial amplitude in Z, Ez = 0, or for
βz/βx << 1 they coincide with the Kobayashi equations. When Ez cannot be neglected,
the effect of the vertical plane is shown.
SEPARATRIX WIDTH
Consider a particle starting with X0 = -2ε/3S.  If the Z plane is neglected (or the























which shows that a particle starting on the separatrix X = -2ε/3S, see Figure 6, will
stay on the separatrix forever, that is until it reaches the electrostatic septum. This is
equivalent to saying that the “separatrix width” is null.
10
Figure 6.  In the Kobayashi model, the separatrix width is null.
Consider now equations (7) and (8).  The influence of the Z-plane is considered at the
same order as for the X-plane.  This time a particle starting with X0 = -2ε/3S no longer
stays on the separatrix as an additional displacement in X is introduced by the
coupling. After three turns, a particle starting with X0 = -2ε/3S, Z0 = √Ez cos(φz,0),
Z′0 = √Ez sin(φz,0) will be “out” of the separatrix by








After 3n turns the particle position in the Z-plane is given by the angle
φz,n = φz,0 - n 6piQz. The additional displacement in the three following turns is








The total displacement after 3N turns is thus
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Since sin[2φz,0 - N 6piQz] sin[N 6piQz] varies between -1 and +1, the amplitude of
oscillation of the particles around the separatrix is proportional to cosec[6piQz].  When
Qz -> n/6, n integer, the oscillation amplitude grows linearly with the number of turns
needed to reach the ES. Including the coefficient, the amplitude of oscillation of the

















In the derivation of this amplitude, the “recall force” towards the separatrix has been
neglected (the trajectories in the Kobayashi approximation approach asymptotically
the separatrix).  On the other hand, if a “null width” separatrix is considered at the last
position before the electrostatic septum, the particles will spread in a band of
amplitude given by the last addendum in (7) that is, dropping the term








Expressions (9) and (10) give an upper and a lower limit to the half-width of the
separatrix. The distance of the trajectory to the separatrix as foreseen by the
Kobayashi approximation should be added, but in a slow extraction this is generally
negligible. When the vertical tune is far from n/6, the difference between the upper
and lower limit is small: for a tune Qz = 1.72, for example (PIMMS),
1/sin(6piQz) = 1.18, that is the upper limit is only 20% larger than the lower limit.
NUMERIC CHECK
The formulae derived for the separatrix width can be checked by simulating the
extraction with MAD [5]. Particles with a given unique amplitude in x and z as
illustrated in Figure 7 are generated.  Once the sextupole has been raised to its final
value, 3000 turns are added for the unstable particles to be extracted and finally the
remaining particles are accelerated into the resonance.
In Table 1 the calculated, expression (10), and simulated separatrix “thicknesses” are
quoted for Ex = 5.7 pi mm mrad (2 σ for PIMMS) and for Ez ranging 0 to 6 in steps of






















Figure 7.  Particle distributions at ES during extraction simulation: (a) initial distribution in
(x, x′), (b) initial distribution in (z, z′), (c) after raising the sextupole in (x, x′), (d) after raising
the sextupole in (z, z′), (e) extracted beam (x, x′), (f) extracted beam (z, z′).
The analytical expression and the results from simulations agree reasonably well.
Other unforeseen effects are present which are visible at small vertical amplitudes
giving a finite “thickness” where the theory would foresee zero effect.  The theoretical
“thickness” increase is larger than seen in the simulations, but the order of magnitude
is correct.
These differences are caused by the higher-order terms which have been neglected in
the equations of motion (7) and (8).  Since expanding the equations to third order in ε,
X0, X′0, Z0 and Z′0 leads to very complicated, and thus useless, expressions and since
the correct orders of magnitude are given by the simple expressions derived above, no






When analysing the results of a real tracking, the first characteristic that is observed is
that the separatrices are not straight lines, as they have been depicted, but they are
curved.  This, of course, depends on the higher order terms in x which have been
neglected in the analytic approach.  This in turn partially invalidates many of the
results reported in the general part, such as the expression for the Hardt condition for
example.  This is, however, a minor concern because, when designing the extraction,
the equations and the results of the standard Kobayashi approach are used only as a
guideline and the Hardt condition, for example, is set exactly by tracking the
separatrices and then adjusting the parameters until the separatrices are overlapped at
the electrostatic septum.  In Figure 8 the extraction plot at the electrostatic septum is
shown in un-normalised coordinates.  The curvature of the separatrices is evident and
the part of the separatrix cut by the electrostatic septum, that is the extracted beam, is
clearly visible in the right hand part of the figure.  The extracted beam looks denser
than the separatrix because, to make it clearly visible, all the particles extracted up to
the moment of the snapshot have been plotted (equivalent to a time integration).
Figure 9, shows the four extracted particle distributions when the initial amplitude in
(x, z) is (0,0), (2,0), (0,2) and (2,2) sigmas.  The two long lines correspond to zero
amplitude in x while the two short lines are associated with 2σ amplitude in x.  The
two thick lines are, as explained in the previous paragraphs, associated with 2σ
amplitude in z and finally the two thin lines correspond to zero amplitude in z.  Since
the separatrices are overlapped at the electrostatic septum the spirit of the Hardt
condition is fulfilled, if not the equation.
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Figure 9.  The four extraction separatrices for amplitude in x and z of 0 and 2σ.
As Figure 9 shows, the separatrix besides getting thicker in proportion to Ez, also gets
displaced.  Such a displacement can be explained if the tune dependance on emittance
is considered.  The presence of sextupoles, indeed, creates such a dependance since
the focusing force is not proportional to the particle position.  An expression for those
tune shifts can be found in [6] and is given hereafter:
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where J0x,z =(1/2) Ex,z and the aij, are complicated expressions depending on the
sextupole strengths and on the Twiss parameters at the sextupoles.
The significant term for the separatrix displacement is a12.  A tune shift, via
chromaticity, corresponds to a momentum error.  In turn, a momentum error becomes
a displacement in phase space because of the dispersion function at the electrostatic
septum.
If the separatrix displacement is calculated according to the above expression, a
displacement of 4.3 µrad per 1 pi mm mrad is found, to be compared with the 4.9
found by the simulations.
EFFECT OF VERTICAL, CLOSED-ORBIT DISTORTION
It can be shown that the effect of a horizontal closed-orbit distortion at the sextupole
can be considered as a tune shift.  Since the vertical plane has an effect on the
“thickness” of the separatrix, it can be expected that a vertical closed-orbit distortion
at the sextupole has also a widening effect.  Including a vertical offset ZCO, calculating
the exact 3-turn transfer function, expanding to second order in ε and keeping only
terms up to second order in ε, X0, X′0, Z0, Z′0 and ZCO yields
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in which the Kobayashi terms and the “old” separatrix width are clearly recognisable
and which shows an additional term in the separatrix width due to the orbit distortion.
Expression (11) can be re-written as
























where P = 3pi Qz - φz. The coefficient of the last term is the separatrix width without
orbit distortion, equation 10.






1  −+− ++ aaaa (12)
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Equation (12) can be plotted resulting in Figure 10









Figure 10.  Separatrix widening due to closed orbit distortion, f(a).
Equation (12) represents the ratio between the separatrix width with orbit distortion to
the separatrix width for zero closed orbit distortion.  The separatrix widening can be











1 0.7 1.5 1.4
2 1.4 2.1 1.9
4 2.8 3.3 3.4
Table 2  Comparison of numeric and analytic results for the separatrix widening as a function
of the closed-orbit distortion.
CONCLUSIONS
A more detailed study of the slow extraction process, which includes the effect of the
vertical plane, has been developed.  Approximate but simple expressions have been
found which foresee a “thickness” (emittance) for the extracted beam distribution.  An
explanation for the displacement of the separatrix due to the vertical oscillation
amplitude has been found based on existing literature.
The results are confirmed by numerical simulations and result in a horizontal
emittance for the extracted beam of the order of 0.2 pi mm mrad which is much more
realistic than the estimate based on the Kobayashi model or on the Liouville theorem
approach.
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